The dispersion relation is fundamental to a physical phenomenon that develops in both space and time. This equation connects the spatial and temporal frequencies involved in the dynamic process through the material constants. Electromagnetic plane waves propagating in homogeneous media are bound by simple dispersion relation, which sets the magnitude of the spatial frequency, k, as being proportional to the temporal frequency, ω, with the proportionality constant dependent on the refractive index, n, and the speed of light in vacuum, c. Here we show that, for spatially broadband fields, an analog dispersion relation can be derived, except in this case the k-vector variance is connected with the temporal frequency through the statistics of the refractive index fluctuations in the medium. We discuss how this relationship can be used to retrieve information about refractive index distributions in biological tissues. This result is particularly significant in measurements of angular light scattering and quantitative phase imaging of biological structures.
The dispersion relation is fundamental to a physical phenomenon that develops in both space and time. This equation connects the spatial and temporal frequencies involved in the dynamic process through the material constants. Electromagnetic plane waves propagating in homogeneous media are bound by simple dispersion relation, which sets the magnitude of the spatial frequency, k, as being proportional to the temporal frequency, ω, with the proportionality constant dependent on the refractive index, n, and the speed of light in vacuum, c. Here we show that, for spatially broadband fields, an analog dispersion relation can be derived, except in this case the k-vector variance is connected with the temporal frequency through the statistics of the refractive index fluctuations in the medium. We discuss how this relationship can be used to retrieve information about refractive index distributions in biological tissues. This result is particularly significant in measurements of angular light scattering and quantitative phase imaging of biological structures. Propagation of light in inhomogeneous media is particularly important in the context of biomedical optical imaging [1, 2] . Light scattering by tissues determines the overall quality of the imaging: too little scattering results in a low contrast of the intensity image, while too much scattering distorts the image altogether. Most commonly, in practice, we use two extreme approximations: the first-order Born approximation for weakly scattering objects (see, e.g., Chapter 13 in [3] or Chapter 2 in [4] ) and the diffusion equation for the strongly scattering regimes (see, e.g., Chapter 13 in [5] ). The former regime, applicable for thin, transparent objects, e.g., single unlabeled cells and tissue slices, allows for coherent field calculation and inverse scattering solutions at high resolutions, limited by the wavelength of light. The latter deals with completely spatially incoherent fields and applies to imaging deeper in the tissue, but with much coarser resolution, limited by the transport mean free path.
It is an accepted fact in the literature that the refractive index of tissues can report on the onset and development of various diseases [6, 7] . However, despite many years of research, measuring the refractive index distribution of tissues over broad spatial scales, e.g., across an entire organ, in both normal and disease states, remains a grand challenge in biomedical optics [2] .
Here, we derive a theoretical relationship between the statistics of the wave vector distribution and that of the refractive index of an inhomogeneous medium. This relationship can be used in experiments of light scattering or quantitative phase imaging (QPI) [4] to obtain information about the refractive index spatial fluctuations.
Let us consider first the Helmholtz equation:
where U is the field in a medium, n is the refractive index of the medium, and β 0 is the wavenumber in vacuum, β 0 ω∕c. Note that, if the medium is homogeneous, i.e., n is independent of r, taking the Fourier transform with respect to r of in Eq.
(1) leads to
where k is the wave vector and k jkj. Equation (2) has nontrivial solutions only when the well-known dispersion relation is fulfilled, namely, k 2 n 2 β 2 0 . If the medium is inhomogeneous [ Fig. 1(a) ], Fourier transforming Eq. (1) does not yield a simple dispersion relation, but, instead,
where ⓥ k represents the convolution operator in the wave vector space k. Nevertheless, we show that, in this case, we can obtain a statistical dispersion relation, i.e., an equation that relates spatially averaged fluctuations of the wave vector and the refractive index. Let us rewrite Eq. (1) in such a way as to have the spatially varying part of the refractive index on the right-hand side, acting as a secondary source term, 
In Eq. (5), h i r stands for spatial average, defined as
We note that the volume integral in the spatial average [right-hand side of Eq. (6)] can be expressed in terms of a spatial correlation evaluated at the origin, namely, Z f r 0 g r 0 rd 3 r 0 j r0 f ⊗ gj r0 ;
where ⊗ stands for the spatial correlation operator. Using the central ordinate theorem, we can express the correlation at the origin as an integral over the k-space,
where "∼" designates the Fourier transform. Combining Eqs. (7) and (8), we can express the spatial averages in Eq. (5) in terms of k-space integrals, as
Let us divide both sides of Eq. (9) 2 i is the ensemble-averaged k 2 , defined using the normalized power spectrum, p, as probability density,
The right-hand side of Eq. (10) can be simplified using the weak scattering approximation. Under the first-order Born approximation, the field on the right-hand side is replaced by the incident field, assumed to be a plane wave along z, U i r; ω Aω expin 0 β 0 z.
Thus, Eq. (10) becomes
In Eq. (12), σ 2 n hn 2 ri − n 2 0 represents the variance of the spatial distribution of the refractive index. Finally, we obtain the statistical dispersion relation for a field in weakly scattering medium, namely,
Equation ( Fig. 1(b) ]. In particular, for far-zone measurements in which the small angle approximation applies, we can assume k z ≈ n 0 β 0 and hk 2 z i n 2 0 β 2 0 . Thus, Eq. (13) yields hk 2 ⊥ i β 2 0 σ 2 n : (14) Assuming symmetry around the z axis, i.e., hk ⊥ i 0, means that hk 2 ⊥ i hk 2 x i hk 2 y i represents the variance of the transverse components of the k-vector. The transverse k-vector can be expressed in terms of the scattering angle, θ, via k ⊥ n 0 β 0 sinθ. Thus, measuring the power spectrum of the scattered field gives direct access to the variance of the sample refractive index. Such measurements can be valuable in assessing the correlation between the refractive index of thin tissues (e.g., biopsies) and diseased states. While measuring traditional (goniometer-based) angular scattering from such transparent specimens is challenging due to extremely low scattered signals, it has been shown that quantitative phase imaging can be used effectively instead [8] [9] [10] [11] . For example, using QPI, it has been observed that higher variance of the refractive index correlates with tumors in prostate biopsies [6] . Recently, it has been also shown that scattering parameters derived from QPI measurements hold valuable information of pathological relevance [12, 13] .
There is another application of Eq. (14), which is in terms of scattering effects on the spatial coherence of the field, as follows. If the spatial bandwidth, defined as standard deviation,
, increases, the width of the transverse spatial correlation decreases accordingly, due to the Fourier relationship between the spatial correlation and power spectrum,
where A represents the area of interest. As shown in Ref. [14] , we can define the transverse coherence length as σ r ⊥ 2π∕σ k ⊥ , such that σ 2 r ⊥ represents the coherence area of the field. It follows that Eq. (14) connects the coherence area to the second-order statistics of the refractive index, namely,
Equation (16) has a simple interpretation: it captures the loss of spatial coherence as the field propagates though a scattering medium of refractive index variance, σ n . In the absence of scattering, σ n 0, the coherence area becomes that of the incident plane wave, i.e., infinitely large. This result was obtained under the small angle approximation, so it does not cover the strongly scattering regime. However, in the case of diffusion, we anticipate that the coherence area reaches its minimum value, σ 2 r ⊥ ≅ λ 2 . In sum, we derived a statistical dispersion relation for waves propagating in inhomogeneous media. The relationship between the statistics of the wave vector, which is measurable, and the refractive index provides an opportunity for angular scattering and QPI measurements. The main result of our calculation, Eq. (13), was obtained within the Born approximation. This formalism applies for weakly, singly scattering media, such as single, unlabeled cells and thin slices of untagged tissues. These particular systems can offer a broad range of applications, from basic cell studies to clinical application. One exciting application is to correlate the refractive index variance with diseases such as cancer, which offers opportunities for label-free diagnosis.
